Abstract: A novel grating coupling scheme with simultaneously broadband and wide-angle efficiency for unidirectionally coupling freely propagating light into a silicon waveguide is proposed and theoretically investigated. The coupling structure is composed of two cascaded subgratings with proper spectral and angular intervals. A semi-analytical theory based on coupled-mode model is developed to facilitate the design. Proof-of-principle demonstrations show that the spectral and angular full-width half-maximums (FWHMs) are simultaneously broadened to nearly three times at a specific wavelength or incidence angle, compared with the reference grating of the same number of periodic features. The spectral FWHM reaches 200 nm, covering E þ S þ C or C þ L þ U communication bands, and meanwhile, the angular FWHM is up to 8
Introduction
The ability to collect wide-angle scattered signals from targets over a broadband spectrum is highly desired in some applications such as rare-cell detection and analysis [1] , imaging or detecting mixed green algae slide [2] , and whole-slide digital surgical pathology diagnosis [3] . In particular, in biochemical optical sensing [4] , [5] and light scattering measurements in cytometers for particle or cell size approximation [6] , it is particularly necessary to measure the scattered light, which provides significant information about organelles. However, the light scattered by the analytes may normally or obliquely impinge upon detectors or coupler, and the angle of incidence is generally unpredictable. In this case, it is favorable for the optical waveguide or fiber that is used to collect scattered light into spectrometers or detectors to be simultaneously broadband and wide angular, alleviating the requirement of alignment and resulting in real-time sensing.
To unidirectionally couple light into an optical waveguide, various edge-coupling structures have been proposed, including 3-D taper [7] and inverted taper [8] . This technique however requires access to the edge of a diced chip and polishing of the waveguide facets [9] . As a result, it may be beneficial to make use of a grating-assisted coupler as it raises no requirement on facet preparation and allows flexible wafer-scale testing. As an effective candidate to unidirectionally coupling light into waveguides, a variety of grating couplers including periodic [9] - [13] and chirped [14] , [15] gratings have been proposed and theoretically or experimentally demonstrated in the last decade. However, most works were focused on improving the coupling efficiency at a specific designed angle [9] , [16] . They suffer from a very tight angular tolerance because of small angular full-width half-maximum (FWHM; i.e., À3-dB angular width) of 3 [11] or 4 [12] . In other words, the coupling efficiency decreases rapidly if deviates from the designed angle, resulting in a necessary requirement of strict alignment. To circumvent this problem, quite recently, we proposed a novel coupling scheme to achieve wide flat-top angular coupling efficiency by cascading two gratings that are of proper distance between their peak angular efficiencies [17] . Moreover, we showed that the angular FWHM has also been widened to more than twice compared with the reference grating composed of periodic features of the same number. However, little work has hitherto addressed the issue of simultaneously broadband and wide-angle coupling for silicon-based grating coupler to our knowledge.
In this paper, we propose a coupling scheme from freely propagating light into a silicon waveguide with simultaneously broadband and wide-angle efficiency. As shown in Fig. 1 , the grating structure is composed of two cascaded subgratings that are of proper spectral interval and, at the same time, angular interval between their peak coupling efficiencies. The operation principle will be introduced starting from our pervious concept on wide flat-top angular coupling scheme [17] . A semi-analytical theory will be developed for the structure design and validated by comparing with fully vectorial aperiodic Fourier modal method (a-FMM) [18] calculations. The performance of simultaneously broadband and wide-angle coupling will be analyzed and discussed.
Principle of Operation and Semi-Analytical Theory

Principle of Operation
To evaluate the performance of grating coupling, we adopt the power efficiency of the coupling
2 =D as the figure of merit, where D is the grating cross section and j þ N j 2 means the power flow carried by the forward-going waveguide modes (WMs) for an incident plane wave with a unit Poynting vector [19] . In this case, þ represents the ratio of the forward-going WM power flow to the incident power flow that launches onto the grating.
To achieve simultaneously broadband and wide-angle coupling from freely propagating light into a silicon waveguide, we recall the concept of cascading two gratings that are of proper distance between their peak angular efficiencies to achieve wide flat-top angular efficiency [17] . Making use of that concept, we have also showed that the angular FWHM of the coupling efficiency was also broaden compared with periodic reference gratings. As, here, we focus on widening the FWHM instead of achieving the flat-top (À1-dB angular width is adopted as the figure of merit) performance, wider angular interval between peak efficiencies of subgratings may result in larger FWHM for the cascaded grating. This is well illustrated in Fig. 2(a) and (b) , where the angular interval of subgratings is properly set to be 30 (a bit larger than 20 used in [17] ), and the angular FWHM is widened to almost three times (larger than the performance of twice angular FWHM in [17] ) at a specific wavelength compared with the reference grating of the same number of periodic features. Analogously, we will show that the spectral FWHM may also be broadened by cascading two subgratings with a suitable spectral interval between their peak efficiencies. As shown in Fig. 2(c) and (d), the spectral FWHM is also broadened to nearly three times at a specific incidence angle compared with the reference grating. We should emphasize that the above widening of the angular or spectral FWHM is performed for a specific wavelength or incidence angle. If both the proper angular interval and the proper spectral interval could be maintained within a broad angular range and, at the same time, a broad spectral range, it is natural to expect that simultaneously wide angular and spectral FWHMs may be achieved. The operation wavelength and the incidence angle are intimately interlinked by the generalized grating equation, which is expressed as [20] 
where argðt 1 Þ refers to the argument of the transmission coefficient by a single feature with p being the period. We emphasize that (1) is versatile for a general grating, where the features may be of various geometry and effective refractive index profile. According to (1) , the grating equations of the two subgratings are depicted with green lines, as shown in Fig. 2 (e). Interestingly, we notice that there is a linear interval (fitted by the red dashed lines) with a constant spectral interval of Á ¼ 180 nm (violet solid line) from ¼ À25
to 45 , and a constant angular interval of Á ¼ 30 (blue solid line) from ¼ 1:42 m to 1.68 m. The angular and spectral intervals increase slightly outside the linear interval. Within the linear interval, the spectral interval is 60 nm for any two adjacent grating equations with an angular interval of 10 . This linear interval centers around ð c ¼ 1:55 m; c ¼ 0 Þ; this is because the resonance angle of the two subgratings here are designed to be 0 and 30 for the specific wavelength 1.55 m. Without loss of generality, the linear interval may be redshifted or blueshifted to cover other spectral range and angular range as needed, simply by increasing or decreasing the period of the grating at a desired specific wavelength according to (1) . Therefore, by cascading two subgratings that are of proper angular and proper spectral intervals to form a linear interval, we expect that the angular and spectral FWHMs will be widened simultaneously.
Semi-Analytical Theory
In this section, we develop a semi-analytical theory based on coupled-mode model for the excitation of the WMs by finite-size protuberances, as shown in Fig. 3 . Since there are so many structure parameters, as illustrated in Fig. 1 , pure simulations using finite-difference time domain (FDTD) method or finite-element method (FEM) may suffer from aimless parameters scan and high numerical cost. Instead, the semi-analytical theory will facilitate the parameter design and elaborate the underlying physics. We should emphasize that, although the TM polarized plane wave (magnetic field parallel to y -axis) is used as the example throughout the paper, the proposed coupling scheme and the theory also work for TE polarization (electric field parallel to y -axis). For each subgrating composed of periodic features, the model may be expressed in a recursive equation form [20] , as shown in Fig. 3(a 
where w g ¼ expðik 0 p 1;2 sinÞ, and u g ¼ expðik 0 n eff p 1;2 Þ with p 1 (or p 2 ) being the period of subgrating B1[ (or B2[). Subsequently, the WM excitation coefficients of the whole cascaded grating are derived as illustrated in Fig. 3(d 
where w ¼ expfÀik 0 ½ðN 1 À 1Þp 1 þ w r þ d sing, and u ¼ exp½ik 0 n eff d with n eff being the complex effective refractive index of the WM. Note that w g and w are the phase shifts introduced by the incident plane wave. This is because the zero phase of the incidence is assumed to be at the center of the rightmost ridge for the calculation of
, and
Þ, and t N 1 (or t N 2 Þ are the respective WM excitation, reflection, and transmission coefficients of subgrating B1[ (or B2[), as shown in Fig. 3 (e) and (f). To calculate the excitation of the cascaded grating, 
The term t N 2 r
can be further ignored since the subgrating B2[ is designed to unidirectionally couple light into the desired direction and suppress coupling into the opposite direction (i.e., j þ N 2 j ) j À N 2 j), and the multiple reflections between the subgratings (i.e., r
2 ) can also be negligible because jr
The physical interpretation of (5) are designed properly with suitable spectral and angular intervals between the comparable peak in coupling coefficients, it is possible to obtain broad spectral and angular FWHMs simultaneously, provided the structural distance d satisfies
where the functions Barg[ and BRe[ refer to the argument and the real part, respectively, and m is an integer.
Results and Discussions
Throughout this paper, the calculations are performed with t s ¼ 240 nm, t c ¼ 900 nm, n s ¼ 3:5 ðSiÞ, and n c ¼ 1:46 ðSiO 2 Þ. The theoretical model is versatile for a general grating, where the feature may be of mirror-symmetric or asymmetric geometry, such as the commonly used rectangular or blazed grating. Since the blazed profile exhibits a larger coupling efficiency than the rectangular one [21] ; hereafter, the blazed profile is adopted to illustrate the structure design. The blazing angle of the features is set as 25 with height 250 nm and width 520 nm. As an example, the total number of features is chosen to be N ¼ 10. The periods and numbers of subgrating B1[ and B2[ are selected to be ðp 1 ¼ 567 nm; N 1 ¼ 6Þ and ðp 2 ¼ 740 nm; N 2 ¼ 4Þ, respectively. According to (6) , the structural distance between the subgratings is set as 940 nm. reference grating (bottom panel) with the same number of features of period p ¼ 567 nm (c) and p ¼ 740 nm (d). It is clear that, by properly cascading two subgratings, simultaneously, broadband and wide-angle coupling are achieved; both the spectral FWHM and the angular FWHM are broadened to nearly three times at a specific wavelength or incidence angle compared with the reference grating, at an acceptable cost of decreasing the peak coupling efficiency only by nearly half.
There is a linear interval nearly ranging from 1.36 m to 1.68
where the spectral and angular intervals are almost steady around of 250 nm and 40 at a specific incidence angle or wavelength, respectively. Outside the linear interval, the spectral and angular intervals increase slightly. Within the linear interval, if the spectral FWHM is manipulated to cover E þ S þ C communication bands from 1.36 m to 1.56 m, the angular FWHM will be up to 8 simultaneously (as shown by the green dashed box); if the spectral FWHM is adjusted to cover C þ L þ U communication bands from 1.53 m to 1.73 m, the angular FWHM will still be up to 8 (as depicted by the blue dashed box); and if the spectral FWHM is diminished to focus on a specific band such as C band from 1.53 m to 1.57 m, the angular FWHM will be as large as 40 (as illustrated by the black dashed box).
The green solid (or dashed) line shows the grating equation of subgrating B1[ (or B2[), and the white curves outline the FWHM of the cascaded grating. Note that there is redshift for the FWHM of the cascaded grating (white lines) compared with the reference grating (green lines); this is introduced by t N 2 , u, and w , which play key roles of phase modulation.
In particular, Fig. 5 (a) and (b) shows the spectral and angular performances for the common optical communication bands, i.e., S þ C þ L bands. The green dashed box indicate that the spectral FWHM cover the whole S þ C þ L bands from 1.46 m to 1.62 m, and meanwhile, the angular FWHM is up to 11 . Note that the angular FWHM is close to 40 at a specific wavelength throughout the whole S þ C þ L bands. For instance, the angular FWHM is up to 39 , 40 , and 40
(blue double-headed arrows) at the specific wavelengths of 1.485 m, 1.55 m, and 1.6 m, which are chosen as the corresponding examples of S, C, and L bands, respectively. Fig. 5(c) shows the dependence of extinction ratio E R on and , where E R is defined as the ratio between the WM intensity coupled into the forward direction and the intensity coupled into the opposite direction, i.e., [22] . It is clear that E R ! 10 is obtained in most areas of the linear interval, while E R ! 50 is achieved in most parts of the green dashed box (with a minimum value E R ¼ 6:17). In other words, the freely propagating light is unidirectionally coupled into the silicon waveguide. Fig. 6 shows the angular performance at a specific wavelength ¼ 1:55 m (a) and the spectral performance (b-e) at specific incidence angles: ¼ 24 (b), 27 (c), 30 (d), and 33 (e) within the green dashed box in Fig. 5 . Compared with the reference gratings as shown in Fig. 4(c) and (d) , the angular FWHM is widened from 14 , 12 , to 40 at the specific wavelength ¼ 1:55 m; and the spectral FWHM is broadened from 95 nm, 70 nm, to 250 nm at the specific incidence ¼ 24 . (f)-(i) illustrates the scattered magnetic fields jH sc y j calculated by FEM at several incidence angles (f) and (g) and several wavelengths (h) and (i); it shows intuitively the unidirectionally coupling into waveguide within the FWHM. In terms of the fabrication, the taper and the photonic wire may be defined using electron-beam (e-beam) lithography [14] and etched by inductively coupled plasma (ICP). To produce blazed pattern of the grating, one may use the grayscale e-beam lithography [23] followed by ICP etching [7] . Moreover, to facilitate the fabrication ulteriorly, the blazed ridges can be equivalent to binary blaze geometries, which may be designed by the discrete processing [24] and fabricated according to [25] and [26] .
Related to fabrication tolerance, Fig. 7 Þ, as shown in Fig. 2(b) and (d), both the angular and spectral FWHMs remain unchanged except for a slight decrease for peak efficiency when is off À5 (a)-(c), and the peak efficiency remains about the same except for a slight decrease for FWHMs when is off þ5 (d)-(f). As the roughness is unavoidable in practical manufacturing, the blazing features are replaced by five-step and three-step staircases to illustrate the discussion on losses arising from roughness, as depicted in Fig. 7(g) -(i) and (j)-(l), respectively. It is evident that both the peak efficiency and spectral FWHM are kept basically the same except for a slight decrease for angular FWHM. As a result, when the blazing angle is slightly off such as À5 (a)-(c) or þ5 (d)-(f), the coupling performance remains substantially constant except for a slight decrease for peak efficiency or FWHMs. Furthermore, as depicted in Fig. 7(g)-(l) , the losses arising from roughness has a little effect on the grating performance of simultaneously broadband and wide-angle coupling, which can facilitate the practical fabrication to a certain extent. 
Conclusion
In conclusion, we have proposed and theoretically analyzed a grating coupling scheme for unidirectionally coupling freely propagating light into a silicon waveguide with simultaneously broadband and wide angular property. A semi-analytical theory based on coupled-mode model has been developed for structure design and performance prediction. Proof-of-principle demonstrations have shown that the spectral and the angular FWHMs have been simultaneously broadened to almost three times at a specific wavelength or incidence angle compared with the reference grating, at an acceptable cost of decreasing peak coupling efficiency nearly only by half. There is a linear interval nearly from 1.36 m to 1.68 m covering E þ S þ C þ L þ U communication bands, with a redshift compared with the reference grating. Within the linear interval, if the spectral FWHM is manipulated to cover E þ S þ C bands from 1.36 m to 1.56 m or C þ L þ U bands from 1.53 m to 1.73 m, the angular FWHM will be up to 8 ; if the spectral FWHM is diminished to only cover C band from 1.53 m to 1.57 m, the angular FWHM will be as large as 40 . This paper may pave the way for related applications such as simultaneously broadband and wide-angle biochemical sensing and optical interconnect. 
